MONGE-AMPERE BOUNDARY MEASURES 



URBAN CEGRELL AND BERIT KEMPPE 



Abstract. We study swept-out Monge-Ampere measures of plurisubharmonic 
functions and boundary values related to these measures. 



1. Introduction 

The purpose of this paper is to study certain boundary measures related to plurisub- 
harmonic functions on hyperconvex domains. These measures are obtained as 
swept-out Monge-Ampere measures and generalize the boundary measures stud- 
ied by Demailly in [T5], see Section [31 A number of properties of the measures, 
such as density, support and convergence, are given in Section UJ The idea is then 
to use these measures to define and study boundary values of plurisubharmonic 
functions on the given domain. This is done in Section where we also describe 
some situations where this coincides with other notions of boundary values. Finally 
in Section [5] we study more general boundary measures on a more restricted class 
of hyperconvex domains. Here we start with a measure on the boundary and find 
a sequence of Monge-Ampere measures approximating the given measure. 

It is a great pleasure for us to thank Pham Hoang Hiep for many fruitful com- 
ments. 



2. Preliminaries 

We first recall some definitions needed in this paper. Let ft be a domain in C™, 
n > 2. Denote by PSH{ft) the plurisubharmonic functions on ft and by PSH~{ft) 
the subclass of nonpositive functions. A set ft C C™ is said to be a hyperconvex 
domain if it is open, connected and if there exists a function ip G PSH~{ft) such 
that {z G ft : ip{z) < — c} CC il, Vc > 0. If ft is a bounded hyperconvex domain, 
then it can be shown that the exhaustion function ip can be chosen in C ca {ft)P\C{ft) 
and such that J n {dd c (p) n < +oo (see [E]). This implies for example that the classes 
defined below are nontrivial. Unless otherwise stated, ft will throughout this paper 
denote a bounded hyperconvex domain in C™. Also, by a measure we mean a 
positive regular Borel measure. 

Let £o(fl), J- £{ft) and !F a {ft) be the subclasses of PSH~{ft) defined as in 
[5] and [7], namely as follows: 

• £ {ft) is the set of functions u E PSH{ft) n L°°{ft) such that J n {dd c u) n < 
+oo and lim^^j u{z) = 0, G dft 

• J- {ft) is the set of functions u G PSH{ft) such that there is a sequence {uj} 
in £o{ft) with the properties that Uj \ u and sup^ J^{dd c Uj) n < +oo 

• £ {ft) is the set of functions u G PSH{ft) such that for each li GC ft there 
is function u u G 3-{ft) with the properties that > u on ft and u u = u 
on w 

• J- a {ft) is the set of functions u G T{ft) such that J E {dd c u) n — for each 
pluripolar set £c!! 
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For the convenience of the reader, we state some of the results, concerning these 
classes, that we use most frequently in this paper. If nothing else is mentioned, 
proofs can be found in [7j. 

First, observe that PSH~(n) n L^ c (Ti) is contained in £(fl) and that £q(Q) C 
■F°(fi) C J- (CI) C £(fl). The following lemma explains why the functions in £o(fl) 
sometimes are called test functions. 

Lemma 2.1. // ip G C^°(fl), then there are <fii,(f)2 G ^o(^) H C(f2) such that 
ip = ifi - ip 2 - 

If ui, . . . ,u n G £{Cl), then dd c ui A ... A dd c u n is defined as the limit measure 
obtained by combining the following two theorems. 

Theorem 2.2. Suppose that u G PSH~ (O). TTien i/iere is a sequence {uj} C 
£*o(f^) l~l C(O) swc/i £/ia£ «j \ u on 51 and swpp (dd c Uj) n CC SI /or eac/i j. 

Theorem 2.3. For fc = 1, . . . , n, let Uk G £(S1) and {gkj}j^i C £o(Sl) fre sucft that 
9kj \ Uk as j — > oo. T/iera dd c g\j A ... A dd c g n j is weak*- convergent and the limit 
measure is independent on the sequences {gkj}- 

A function u G £(51) is a maximal plurisubharmonic function if and only if 
(dd c u) n = (see 0] and 0). If u G .F(ft) and (dd c u)" = 0, then u = (see 
Theorem 5.15 in [7]). Theorem 12.31 can be generalized as follows, sec e.g. Lemma 
3.2 in [9]. 

Lemma 2.4. For k = 1, . . . ,n, let Uk G £(51) and {<7/y}^Li G £(51) be such that 
9kj > Uk and gkj tends weakly to Uk as j — > oo. If h £ PSH~(fi) nL°°(Sl), i/ien 
/i dd c gij A ... A dd c g n j tends weak* to h dd c u\ A ... A dd c u n . Moreover, if Uk G ,F(51) 
i/ien limj—Kx, J" n hdd c g\j A ... A dd c g n j = limj^oo J n hdd c u\ A ... A dd c u n . 

The next lemma contains some useful basic properties of the classes we use. 

Lemma 2.5. Let /C G {£o, •^ ra j £}> i/ien the following holds, 
(i) If u,v G /C(f2) and a, /3 > 0, t/ien cm + |Jd6 /C(f2). 

(m,) // u G /C(51) and i> G PSH~ (fl), then max{u,v} G /C(S1). /n particular, if 
u G w G PSH-{VL) and v>u, then v G /C(O). 

Note that functions in .^(Sl) have finite total Monge- Ampere mass. Also, they 
have in some sense boundary values zero, which can be seen e.g. in the following 
formula for partial integration. 

Theorem 2.6. Let v, u%, . . . , u n G J~(d). Then 

j v dd c u\ A dd c U2 A ... A dd c u n = / Ui dd c v A dd c U2 A ... A dd c u n . 
Ja Jn 

Since bounded function cannot put Monge- Ampere mass on pluripolar sets (see 
e.g. 0), we have that n L°°(Cl) C F a (Cl). Moreover, Theorem 5.5 and Theo- 

rem 5.8 in [7J gives: 

Lemma 2.7. If u u . . . , n„_ x G .F(fJ) andt) G T a {fl) or v G PSH~(Cl) (~l L°°(0), 
£/ien dd c u\ A ... A dd c u n -i A dd c u vanishes on pluripolar sets. 

We conclude this section with some notation needed in this paper. Let 17 and 
it G £(51) be given and choose a fundamental sequence {51j} of strictly pseudoconvex 
domains, i.e. 51 j CC Slj+i CC 51 and U^-j^fij = 51. For each j define 

ui = sup G PSH(Cl) : p| n \ 0j < u\ Q \ Qj }. (2.1) 

Note that since 51 j has C 2 boundary, it follows that u 3 = (u 3 )*, the smallest 
upper semicontinuous major ant of u 3 , so u 3 is plurisubharmonic. Moreover it < 



MONGE-AMPERE BOUNDARY MEASURES 



3 



u J < < 0, so each u J £ £(fi) and the same holds for u = (lim^oo u J )*. It 

follows that u is the smallest maximal plurisubharmonic majorant of u and that u is 
independent of the chosen sequence {ftj}. In [9] the following classes were defined: 

M(ft) = {u S £(fl) ' u = 0} 

= {w G £(fi) : (dd c u) n = 0} 

Thus A4(fl) is the class of maximal plurisubharmonic functions in £(fl). Note that 
A/"(f2) contains ^(Sl), since if u £ ^"(^2), then u is a maximal function in J 7 (ft) so 
{t = 0. It also follows that if u £ ^(fi), then u J /* outside a pluripolar subset of 
(see [H] or 0). 

Finally, we say that u £ £(f2) has boundary values w if there is a function 
ijj £ Af(ft) such that u > u > u + tJj. Given 7? G /vt(fi) we define 

if) = {u G PSH(fl) :H>u>H + ip,ip£ F(fl)}, 

which is a subclass of £(ft). It follows that if u € J-(fl,H) then u = H. Also, 

^(n,o) = j"(n). 



3. Construction of the boundary measures /x u 

In this section we show that every function in J 7 (ft) gives rise to a measure on 
the boundary of ft. Let u £ -T 7 ^) be given, choose a fundamental sequence {ftj} 
of strictly pseudoconvex domains and let m- 7 be defined by (|2.1[) . Then m < it- 7 < 
< Q ; so each m j € .F(f2). Moreover, Stokes' theorem implies that j n (dd c v?) n — 
J n (dd c u) n < +oo, and by maximality (dd°u^) n is concentrated on ft \ ftj. 

Theorem 3.1. Suppose that u £ J~(ft). Then {(dd c u J ) n } is a weak*- convergent 
sequence, which defines a positive measure fj, u on dfl. Also lim^oo J"_ tp (dd c v?) n 
exists for all <p £ PSH(ft) n L°°(fl). 

Proof. Choose W to be a strictly pseudoconvex set containing the closure of ft. 
First assume that tp £ PSH(ft) n L°°(fl) and ip < 0, then 

-oo< [ tp(dd c u) n < [ tp(dd c u j ) n < [ <p (dd c u j+1 ) n < suptp [ (dd c u) n . (3.1) 
Jn Jn. Jn n Jo 

To see this, approximate ip with functions in £o(ft) and use partial integration 
in J 7 (ft) (see Section [2]). Since all Monge- Ampere measures involved have the 
same total mass, it follows that (j3~Tj) holds for all tp £ PSH(ft) D L°°(ft). Thus 
{J n <p (dd c v,i) n } is a bounded monotone sequence, so lirn. i j_ ! . 0O Jo <p (dd°u^) n exists 
for all ip £ PSH(fl) n L°°(ft). In particular the limit exists for tp £ C$°(W) 
(see Lemma |2.1[) . Since each (dd c u : >) n is a positive distribution on C^°(W), it 
follows from standard distribution theory that the convergence in fact holds for 
all tp £ Cq(W). Also the limit distribution itself is positive and thus defines a 
positive regular Borel measure [i u on W, which by the construction is concentrated 
on dfl. □ 

In this manner we may, to each u £ J 7 (ft), associate a positive measure (j, u , and 
it follows for example that 

/ pdpL u = lim / ip(dd c u r ) n (3.2) 
Jan Jn 

holds for all tp £ Cq(W), in particular for tp £ C(fl). We also have that j gn d/j, — 
J n (dd c u) n , which implies that fi u = if and only if u = (since u £ J 7 (ft)). Note 
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that p u does not depend on the chosen sequence {fij}. Note also that by applying 
(|3.ip to tp and —ip we get that 

f ip{dd c u j ) n = [ ip(dd c u) n , \/<p G PH(Q) nL°°{n), (3.3) 
Jn Jo. 

where PH(Q) denotes the pluriharmonic functions on fi. 

In [T3] Demailly defines a set of Monge- Ampere boundary measures in the fol- 
lowing setting. Let X be a Stein manifold of dimension n and f2 CC X an open 
hyperconvex subset. Assume that 4> : Q, — » [— oo,0) is a continuous plurisubhar- 
monic exhaustion function such that J n (dd c <j)) n < +oo. For each r < define: 

B(r) = {z G H : 0(z) < r} 
S(r) = {z G H : 0(z) = r} 
4> r {z) = max {4>(z) , r} 

It is then shown that 

(dd^rY = Xn\B(r) ■ (dd C <f>) n + HjT (3.4) 

where p^ iT is a positive measure concentrated on S(r). Furthermore, when r — > 
then /i0 >r converges in a weak sense to a positive measure p^ concentrated on dfl. 
(More explicitly it is shown that lim r ^o / hdfx^^ exists M h € C 2 (X, R).) 

Now consider the case when X = C n , then the function </> is in .F(fi) so we can 
define p^ according to Theorem 13.11 Choose a sequence {rj } such that Tj /" 
and let Clj — B(rj). Then <p r . = max{0, r^} is equal to the function <ft defined 
as in (|2.1jl . Note that fl, is not necessarily strictly pseudoconvex in this setting, 
only hyperconvex. However, this is enough in the proof of Theorem 13. 1[ since we 
only use the smoothness of dflj to ensure that the function cf>° is plurisubharmonic. 
Hence 

(dd c cj) rj ) n = xn\B( rj ) ■ {dd c 4>) n + n^, (3.5) 

where the left hand side converges to the boundary measure and the right hand 
side to + (since J n (dd c (/)) n < +00). This shows that — jx^, so in particular 
Demailly's boundary measures form a subset of those defined in Theorem l3.1[ when 
X = C". 

Also, note that if u G £o(£i) n C(f2) then u satisfies the conditions in Demailly's 
definition, so for boundary measures corresponding to such functions we may use 
Demailly's results. 

The following theorem, where v? is defined by (|2.ip . generalizes a formula con- 
sidered by Demailly in [13] . 

Theorem 3.2. Assume that u G .F(fi), h G J n h(dd c u) n > —00 and that 

dd c h A {dd c u) n ~ l vanishes on pluripolar sets. Then 

lim / h{dd c u j ) n = / h{dd c u) n - [ udd c hA(dd c u) n ~ 1 . 

Note that the conditions in this theorem are satisfied if for example u G !F(iY) 
and h G PSH~(fl) n L°°(Q) (see Lemma |2"T7]). Actually, it is enough that h G 
PSH{fl) nL°°(n), since f n {dd c ui) n = J n (dd c u) n . 

Proof of Theorem ] 3. £t First we claim the following. 

(i) f udd c h/\{dd c u) n - 1 > -00 
Jn 

(ii) lim / u J dd c h A (dd c u) n ~ 1 = 
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(iii) f h{dd c u^) n ^ p+1 A (dd c u) p ~ 1 > [ h{dd c v?) n ~~ p A (dd c u) p > [ h{dd c u) n , 
Jn Jn Jn 

1 <P<n- 1 

(iv) f hdd^u 3 — u) A (dd c u : >) n - p A {dd c u) p - 1 = 
Jn 

= [ v? dd c h A dd c (u j - u) A (dd c u r ) n - p - 1 A (dd c uf" 1 = 
Jn 

= [ (V - u) dd c h A {dd c u j ) n - p A (dffuf- 1 > 0, 1 < p < n 
Jn 

For the proof of (0), choose a sequence {/ifc} in £o(^) decreasing to h on 0. Then 
dd c hk A (dd c u) n ~ 1 converges weak* to dd c h A (dd c u) n ^ 1 (Lemma 12.41) . Combining 
this with the fact that it is upper semicontinuous it follows that 



(-u) dd c h A {dd c u) n - L < limsup / (-u) dd c h k A (dd c w) = 
n k^oo Jn 

= limsup f (-h k ){dd c u) n = [ (-h) (dd c u) n < +oo 
fe-^oo Jn Jn 

(where we have used partial integration in Since u J f outside a pluripolar 

set (see Section [2]) and since dd c h A {dd c u) n ~ 1 puts no mass there, (0 implies (jn]) 
by dominated convergence. To see (fui)) . use the same technique as in Theorem l3.il 
Finally JIv]) follows from partial integration, using the fact that h is locally in 
and that u 3 — u is compactly supported in J7. This proves the claim. 
Now using (|rv|) we have that 

udd c h A (cfcfu)™ -1 = [ (u- u j ) dd c h A (dd c u) n - 1 + [ u j dd c h A {dd c u) n - 1 = 
n Jn Jn 

= [ hdd c {u-u°) Aidd^Y 1 - 1 + [ u j tf/iAfrffti)"" 1 , 
Jn Jn 

so we can write 

h(dd c u j ) n - [ h{dd c u) n + [ udd c hA{dd c u) n - 1 = 
n Jn Jn 



h {dd c u 3 ) n - / hdd c u 3 A {dd c u) n ~ l + / v? dd c h A {dd c u) n - L 
n Jn Jn 

where the last integral tends to according to (|u|). Moreover 

h{dd c u 3 ) n - [ hdd c u j A (dd^y 1 - 1 = 
n Jn 

n—l / /. /> \ n— 1 

= V ( / h(ddV) n - p+1 A [dd^f- 1 - / h{dd c u 3 ) n - p A (dd c u) p ) = Va p 
p=i ^ 7n / P =i 

where each et p > by (|m|) . Using fiv|) we have that 
Jn 

u j dd c h A dd c {ui — u) A (dd c u j ) n - p - 1 A {dd^f- 1 < 
< - ( u j dd c h A {dd c u j ) n - p - 1 A {dd c u) p . 



in 

Now, the second expression in (|Iv| implies that J n v? dd c hA (dd c u : ') n ^ k A (dd c u) k ~ 1 
is decreasing in k, so it follows that < a p < — f n v? dd c h A {dd c u) n ~ 1 . Hence ((u)) 
implies that each term a p — ► as j — ► oo and the theorem is proved. □ 
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Remark 1. Combining the preceeding theorem with (|3.2p . we have the following 
formula. Given u G Fity, 

[ h(dd c u) n = [ udd c hf\{dd c u) n - l + [ hd^ Ul VhePSH(fl)nC(fl). (3.6) 
Jn Jn Jan 

In Section 0] (Corollary I4.10p we will show that there is a set S C dfl such that 

supp^„ = S for each u G J~(fl), u 0. Hence (|3.6p gives a partial integration 

formula for ft G PSH~(fl) H C(fl) such that h\s = 0. From Theorem I5T31 in Section 

|S] it follows that if u € T a (fl), then flU]) is valid for ft G PSH(W)nL°°(W), where 

W is some neighbourhood of fl. 

We also get a Jensen-type inequality; given u G ^"(fi), 

[h{dd c u) n <[ hdfiu, \/hePSH(Q)r\C(Q). (3.7) 
Jn Jan 

If ft, G PSHiW) for some neighbourhood I4 7 of fl, then using convolution we may 
find functions h k G PS.ff(H") n C(W), where fl C W CC such that ft fc \ ft 
on W. Therefore j3J]) holds true if ft G PSi^W) and u G F(O). 



4. Some properties of the boundary measures \i u 

In this section we investigate some properties of the boundary measures \i u defined 
in Section [3] Recall that a hyperconvex domain fl is called B-regular if each contin- 
uous function on dfl can be extended continuously to a plurisubharmonic function 
on fi (see [T5]). 

Theorem 4.1. Let fi be a finite positive measure on dfl, where fl is a bounded 
B-regular domain. Then fi is in the weak* closure of {fj, u : u G J-(fl)}. 

Proof. For simplicity, assume that fj,(dfl) = 1. Choose a sequence of measures 

N k N k 

[i k = a,jS z k, where {z^} G fl and a * — 1 
j'=i ' i=i 

such that 

lim / fta/jfc= / ftd/z, VftGC(fi). (4.1) 
fc ^°° Jn Jon 

Let e.g. aj" = n(Aj) and z ■ £ A ■ fl f2, where {A^ } is a partition of Cl such that 
diam(A* : ) < and use the fact that ft is uniformly continuous on fl. For each A;, 
consider gk(z), the multipole pluricomplex Green's function for fl with poles at {z k } 
with weights {{a k j f/ n } (see [T5] and H3). Then g k G JF(Q) and (dd c g k ) n = fj. k . 
Form /ifc = \\m.i^ 00 (dd c (g k ) l ) n as in section [3] Then for each k 

dfi k = [ (dd c g k ) n = [ d» k = 1 = / dfx (4.2) 
an Jn Jn Jan 



and from (13. 2\i and (|3.1|) it follows that 

= lim / ^(dd c (,? fc )T > / cp(dd c g k ) n = f V d^ k (4.3) 
/an *^°°Jn Jn Jn 

for <£> G PSH(fl) fl (7(0). Let {/5.fc m } be any weak*-convergent subsequence of 
{/ifc}. (Such a subsequence exists since the measures {p, k } have uniformly bounded 
total mass.) Now let t G C(dfl), t < be given. Since fl is B-regular there is a 
(p G PSH(fl) n C(O) with = t on 90. Hence, by gUJ and |fO)l . 

/ td/i = lim / 99 d^ < lim / if dfl k = lim / t dfi k . 
Jon ™->°°Jn m m ^°°Jan m m ^°°Jan 
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This shows that fi > kim^^oo fik m ■ It then follows from (|4.2[) that they have the 
same total mass, so fj, = linim^oo p,)- m and the theorem is proved. Note that since 
the argument is valid for any weak*-convergent subsequence, it follows that {flk} 
itself tends weak* to /i. □ 

Later in this section, we will show that not every positive measure on <9f2 is in 
{Hu '■ u G J-(fl)}, see for example Proposition 14.71 Moreover, the assumption of 
B-regularity cannot be removed in Theorem 14. 1[ see for example Corollary 14.101 
and Example 14.111 Before we can prove this, we need the following convergence 
property. 

Proposition 4.2. Suppose that u G ^"(^) and that {uk} is a decreasing sequence 
in ^(fl) such that Uk \ u on Q. Then fi Uk converges weak* to [i u . 

Proof. Let h G £ (O') n C(O') where Z> 0,. Then jHj| gives that 
hdfj, u = { h{dd c u) n - ( udd^Aidd'u) 71 - 1 



ion 

and that for each k 



hdn Uh = / h{dd c u k ) n - / u k dd c h ?\{dd c u k ) n -\ 
an Jn Jn 

From Lemma T2. 41 it follows that lim^oo J„ h (dd c Uk) n = J n h(dd c u) n . Moreover, 
linifc^oo J n u k dd c h A (dd c Uk) n ~ 1 = Jq udd c h A (dd c u) n ~ l by the following calcula- 
tions. Since u < Uk for each fc, Lemma 3.3 in p~] implies that 

udd c hA (dd c u) n - 1 < [ udd c h/\{dd c u k ) n ~ 1 < [ Uk dd c h A (dd c Uk) n ~ 1 
: Jn Jn 

for each k. Hence, for fixed fco, 

n-1 ^i;™;„f / jjcj . /jjc„, \n-l 



n-1 



n-1 



where the last inequality follows since dd c h A (dd c Uk) n ~ 1 is weak*-convergent to 
dd c h A (dd c u) n ~ 1 (Lemma 12. 4p and Uk is upper semicontinuous. Now, the claim 
follows if we let fco — > oo. 
Thus 



udd c h A (dd c u) n - L < liminf / u k dd c h A (dd c u k ) r 

Jn 

< limsup / u k dd c h A (dd c Uk) 

k — >oo JO 

< limsup / Uk dd c h A (dd c Uk 

k^oc Jn 

< [ u ko dd c hA(dd c u) n -\ 



k- 



lim / hd/j, Uk = / hd[i u (4.4) 
■^°°Jdn Jon 
holds true for h e £ (Sl') l~l C(O') and therefore for h G C$°(tt'). B y standard 
distribution theory it follows that (|4.4|) holds for /i G Co (SI') and hence for h G 
C(dSl). □ 

Recall from Section [3] that for functions in £q(Q) fl C(O) we can apply the re- 
sults of Demailly in |13j . We make use of this fact in the proof of the following 
proposition. 

Proposition 4.3. Ifu and v are functions in such that u < v, then fi u > /i v . 

Proof. Take {uk},{wk} C £o(£l) (~l C(£l) such that u k \ u and u>k \ v. Let 
Vk = max{ufe,Wfe}. Then Vk G ^o(^) H C(Cl), Vk \ v and < Vk- By Theorem 
3.4 in [13 fi Uk > fi Vk for each k. Using Proposition ^. 21 it follows that [i u > fi v . □ 
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Remark 2. When Q is B-regular there is a slightly more direct proof of Proposition 
14.31 not using Demailly's results. If in that case / G C(d£i), f < is given, it may 
be extended to a function in PSH~(£l) (~l C(f2). Since u < v we have that u? < 
for each j, which (see the proof of Theorem 13 . 1 f> implies that J n f (dd c u^) n < 
f^f{dd c v^) n for each j. From ()3.2p it follows that f gn fd[j, u < jg^fdfi v , so we 
have, by the regularity of \x u and /x„, that /j, u > 

Corollary 4.4. Suppose that u G J~(£i)> then ji u — /i max { u .-i} ■ 

Proof. Let v = max{u, —1}, then ji u > \i v by Proposition 14.31 Take {u k } C £o{Q) 
such that u k \ u and let v k — maxjitfc,— 1}. Then v k G £o(^), ffc \ v and 
Vfe = u k on O \ {u k < —1} (note that {u k < —1} CC SI). Using Theorem 5.1 in [7] 
and Stokes theorem, it follows that 



d/j, u = / {dd c u) n = lim / (dd c u k ) r 
dn Jn k ^°° Jn 



k- 



lim / (dd c v k ) n = / (dd c u)" = / d//„, 



n Jn Jan 



SOfl u = fJ, v . □ 

We will now use this corollary to show that each \x u vanishes on pluripolar sets. 
We start with two technical lemmas. 

Lemma 4.5. Suppose that u G and that ip is in PSH(il) P\L°°(il) and upper 

semicontinuous on some neighbourhood ofVL. Then 



lim / if (dd c U 3 ) n < / ipd/i u . 
Jn Jon 

Proof of Lemma \4-5\ Choose Q' and f2" such that tp is upper semicontinuous on 
O' and f2 CC Q" CC f2' . Then there is a decreasing sequence {<p k } of continuous 
functions on fi" that are bounded above and that converge to <p on Q". Using 
equality (|3.2p we have that 



lim / tp (dd c u J ) n < lim / ip k (dd c u 3 ) n = / ip k dfi u 
Jn 3^°° Jn Jdn 

for each k. Hence the lemma follows by letting k — > oo. □ 

Lemma 4.6. Let E C dfl be a pluripolar set and u G Suppose that there is 

a function g G PSH(Q') 7 where Q' Z> f2, such that E C S g — {z : g{z) — — oo} and 
(dd c u) n is concentrated on Q\S g . Then (J, U (E) = 0. 

Proof. By subtracting a suitable constant we may assume that g < on SI. For 
each positive integer k, define h k = max{| • g, —1}. Then from (|3.ip and Lemma 
it follows that 



-oo < / h k (dd c u) n < lim / h k {dd c u>) n < / h k diJL u < I h k dfi u = -fx u (E), 
Jn J-°°Jn Jdn Je 

since h k < on SI and h k = —1 on E. Moreover, h k {z) /* for all z G SI \ S g , as 

k — > oo, so limfe^oo J a /i^ {dd c u) n = 0. Hence (J, U (E) =0. □ 

Proposition 4.7. If u € ^"(O), i/ien /i„ vanishes on pluripolar subsets of dQ. 

Proof. If u G ^"(fi) then t> = max{u, — 1} G J- a (il) and from Corollary 14.41 we 
know that fi u — fi v . Now, for functions in J- a (Q,) the conditions in Lemma 14.61 are 
satisfied for each pluripolar set E C 9S1, so the proposition follows. □ 

The next proposition enables us to say more about the support of the fj, u - 
measures. 
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Proposition 4.8. Assume that it, v G £q{SI) are strictly negative functions such 
that supp {dd c u) n CC St and supp (dd c v) n CC SI. Then there are constants a,b > 

a^ u < fJ-v < b^ u . 

In particular, supp \x u — supp fi v . 

Lemma 4.9. Assume that u E T a (St), u ^ 0, v E £(Sl) and that u > v on 
supp(dd c u) n . Then u>v on SI. 

Proof. Assume that u(zq) < v(zo) for some zq E St. Let tp E £o(St) H C°°(0) 
be a strictly plurisubharmonic exhaustion function and let s > be such that 
u(zq) < sip(zo) + v (zq). Corollary 3.6 in [§] gives, with A — {u{z) < s%jj{z) + v(z)}, 

f {dd c {siP + v)) n < f (dd c u) n = 0. 

J A J A 

Hence s™ J A (dd c ip) n — which implies that A has Lebesgue measure 0. Since 
the functions involved are plurisubharmonic, this means that A = 0. This is a 
contradiction and the lemma is proved. □ 

Proof of Proposition ^. <\ Let K — supp (dd c u) n . Since K is compact, and since 
u and v are bounded upper semicontinuous functions, a > may be chosen such 
that av < u on K. It then follows from Lemma 14.91 that av < u holds on all of 
SI. Similarly, there is (3 > such that j3u < v on SI. Then Proposition 14.31 implies 
that n a -i u < n v < lJ,p u . Hence, if we let a = a~ n and b = (3 n , the proposition 
follows. □ 

Corollary 4.10. There is a set S C dSl such that supp/j, u — S for each u E F{Sl). 

Proof. Choose a function i>o E £o(Sl) with supp (dd c vo) n CC SI, and let S — 
supp/i„ . Let u be an arbitrary function in T(Sl). Choose a sequence {uj} C £o(^) 
such that Uj \ u and supp (dd c Uj) n CC St. Then Proposition 14.81 implies that 
supp/i Uj = S for each j. Moreover, fi Ul < fi U2 < ■■■ < fx u and fx u . tends weak* to 
fi u , by Proposition 14.31 and Proposition 14. 2 1 Hence supp/i u = S. □ 

Note that if \i is in the the weak* closure of {n u : u E T(Sl)}, then supp/u C S. 
Hence if St is B-regular, then the support set S has to be all of dSl, because of 
Theorem O 

On the other hand, if SI = w x x u 2 C C" = C" 1+ " 2 , where w x C C" 1 and 
(x>2 C C" 2 are bounded hyperconvex domains, then S C duj\ x duj2- To see this, 
consider the function u(z,w) — max {gi(z), g2(w)} where gk is the pluricomplcx 
Green's function for LUk with pole at some point in Uk- Note that gk is continuous 
outside the pole and tends to zero at the boundary of u>k- Then u E F(Sl) and 
supp (dd c u) n C {{z,w) E SI : gi(z) = g 2 (w)}- Choose a sequence {e^} such that 
Ej \ 0. Then Slj — {(z,w) E St : u(z,w) < —£j} defines a fundamental sequence 
of St and u j := sup{<p E PSH(Sl) : (p\ n \ nj < u|n\n 3 } = max{u, -£j}. It follows 
that supp (dd ^) 71 C {(z,w) E St : gi(z) = g2(z) > —£j}, which implies that 
supp/i u C duii x doj2- Hence the claim follows from Corollary |4.10t 

Using a similar argument, the following example shows that when St — D x D c 
C 2 , then we have equality, S = dD x 3D. 

Example 4.11. Let St be the unit bidisc D x D in C 2 . Then supp/i u is equal to 
the distinguished boundary c© x c© for each u E J^iSl), u ^ 0. This follows from 
Corollary 14. 101 if we for example consider the pluricomplex Green's function g for 
St with pole at the origin. We then have that g(z,w) = m ■ max {log \z\, log \w\}, 
where the constant to > is chosen such that J Q (dd c g) n — 1. This is a function 
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in !F(Q), and we can compute fi g explicitly. For j — 1,2,.. ., let Qj = {(z, w) : 
\z\ < rj, \w\ < r 3 } where tj = 1 - j. Then g 1 := sup {(p G PSH(tt) : <p|n\fy < 
<?|fi\n,} = m ■ max {log \z\, log \w\, log(rj-)}, from which it follows that {dd c gi) 2 = 
m 2 ■ dd c (max {log \z\, log(rj)}) A dd c (max {log \w\,\og(rj)}). Since f n (dd c g : >) 2 = 1 
for each j (see Section 13]), we can conclude that (dd c g : >) 2 = Uj x aj, where aj is 
the normalized Lebesgue measure on the the circle 83(0, rj). This implies that 
fig = a x (j, where a is the normalized Lesbegue measure on the unit circle. 

Remark 3. Recall from Remark [T] at the end of Section [3] that Corollary 14.101 and 
(13. 6|) together give the partial integration formula 

h\ 3 = => [ h(dd c u) n = [ udd c hA(dd c u) n - 1 . (4.5) 
Jn Jn 

The implication g3J) holds true for /i G PSH(n) n C(fi) if u G JF(Q), and for 
ft G PSH(W) n W D (1, if u G (using Theorem O of Section HJ. 

Here S is the support set defined in Corollary |4.10l 
Furthermore, (|3.7[) implies that 

sup ft < sup ft, V ft G PSff ~ (fi) D C(fi). (4.6) 
n s 

To see this, let ft G PSH~(£l) n C(fi) be given. For z 6 fl fixed, let g z be the 
pluricomplex Green's function for Q with pole at z. Then (dd c g z ) n — 8 Z and we 
have that h(z) = J n h(dd c g z ) n < Jg^hdfi gz < supg ft. By the same argument, 
(|4.6p holds true if ft is an upper bounded function in PSH(W), where W D Cl. 

Remark 4. Another property of the measures fj, u is that they are so called Henkin 
measures (a kind of measure introduced by Henkin in [14)). This means that 

lim / f k dfi u = 

k -*°° Jon 

for each uniformly bounded sequence {fk} in A(Q) such that lim^oo fk(z) = 
for all z 6 0. Here A(Sl) denotes the functions that are holomorphic on f2 and 
continuous on f2. To see that this holds, take such a sequence {fk} and let {<fik} — 
{Re/ fc }. From fl^U and (O it follows that 

lim / (pkdfi u = lim I lim / ipk (dd c u^) n ) = lim / ipk(dd c u) n = 

for each u G J~(Q), since (fk is uniformly bounded and J n (dd c u) n < oo. Since the 
same holds for {ipk} = {Im/fe}, it follows that lim^oo J gn fk dfi u = 0. 

This property can be used to show the following fact about the support of the 
measures fi u . Suppose that u G and that K C dVl is a peak set for A(Vl). 

Let / G A(Q) be a peak function for K and define /fe(z) = (f(z)) k 7 for z G f2 and 
k = 1, 2, — Then {/fc} satisfies the assumptions above, so limfc_ >00 J an fk dfx u = 0. 
But we also have that Iwik-Kx J an fkdji u = fx u (K). Hence fJ, u (K) — for each 
peak set K and each u G .F(f2). 



5. Boundary values 

In this section we define and study boundary values of plurisubharmonic funtions, 
with respect to the measures \x u . 

Lemma 5.1. Assume that u G T ~(il) and g G PSH(n)nL°°(n). Then {g (dd c u^) n } 
is weak*-convergent. 
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Proof. By the same argument as in Theorem 13.11 it is enough to prove that the 
limit linij^oo J Q ipg (dd c u j ) n exists for all ip G PSH~(Q) n L°°(fl). Given such a 
function tp, take M, N > such that ip + M > and g + N > 0. Then (tp + M) 2 , 
(g + N) 2 , (ip + M + g + N) 2 G PSH{n) n L°°(Q), so if ip is any of these then 
lim^oo f Q ip (dd c u j ) n exists by Theorem I3TT1 Expanding (((p + M) + (g + N)) 2 , it 
follows that the limit exists for ip = (tp + M)(g + N) and then finally for ip = ipg 
(using Theorem 13.11 again) . □ 



Using this lemma, together with standard measure theory, we can make the 
following definition. 

Definition 5.2. For u E and g e PSH(n) n L°°(Cl), let g 11 be the function 

in L°°(dQ, p, u ) such that lim^oo g {dd c u^) n — g u dfi u . 

We may consider g u as the boundary values of g with respect to \i u . Note that, 
at least formally, g u depends on both g and u. However, the following theorems 
describe some situations when this definition agrees with other notions of boundary 
values. 

Theorem 5.3. Assume that u G T a {Q) and g G PSH(W) n L°°(W) where W is 
a bounded domain containing Cl. Then g u = g\ga a.e. (fj, u )- 

Proof. Note that if M is a constant then (g — M) u — g u — M, so we may assume 
that g < 0. Let t G C(fi), t > be given. Then it follows, in the same way as in 
the proof of Lemma 14.51 that 

/ tg u dfi u — lim / tg(dd c u j ) n < / tgdfj. u . 
Jan 3^°°Jn Jan 

Thus g u < g a.e. (fJ. u ), so it remains to prove that J gn g u d\i u = J gn g dfi u . Choose K 
such that fl CC K CC W. Given e > there is an open set U £ C W and a function 
g e G Cq(W) such that inf^ g < g e < 0, the relative capacity cap (U E , W) < e and 
K \ U E C {z G W : g(z) = g s (z)} (for definition and properties of relative capacity, 
see [2]). It follows that 



g u d\i u = lim 


[ g(dd c u 3 ) n = 






j->oo _ 


In 






= lim 


[ g{dd c u J ) n - 


- lim / g e (dd c 


u j ) n > 




lnnu E 


Jn\u E 




> lim 


[ g{dd c U 3) n - 


- / g e d^ u = 






lnnu E 


Jan 




= lim 


f g{dd c u 3 ) n - 


\ 9e dfl u + 


1 9 dfj,. 




)nc\u E 


Jannu E J 


on\u E 


> lim 


[ g(dd c u 3 ) n - 


9e dfl u + 


1 gdfj, u . 




'nnu E 


Jannu E J 


an 
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Let h e = sup{i/> 6 PSH (W) : ip\u e < -1}, we then have that 

> / g u dfi u - 9 d\i u > 
Jan Jan 



< lim / g(dd c u°) n + I g £ dn u > 
3-^°° Jnnu c Jannu c 

> (mfg) ( lim / {dd c u j ) n + [ d\x u ) = 

= (-mig) (lim / h e {dd c u 3 ) n + [ h £ dfj, u ) > 
\ w ) \j^ooJ nnUe Jannu, J 

> (-'wig) ( lim j h e {dd c u : >) n + f h e d^A > 

> 2 f-infff) ( h E (dd c u) n , 

where we have used (|3.ip and Lemma T4. 5 1 in the last inequality. From Lemma 1.9 
in [12], using that u E !F a (fl) and that cap(U e ,W) < e, it follows that this last 
integral tends to zero as e \ 0, which completes the proof. □ 

The following theorem may be compared with the definitions in Section^ 

Theorem 5.4. Suppose that H E M(tt)nL°°(tt). Then, for every u E F a (Q) and 
every g 6 J-(fl,H) such that J n g (dd c u) n > — oo, g(dd c u 3 ) n is weak*- convergent 
toH u d^ u . 

Proof. By the same argument as in Theorem 13.11 it is enough to prove that 
lim / tg{dd c u j ) n = lim / tH(dd c u 3 ) n , Vie PSH~(Q) n L°°(£i). 

Since g E J-{fl, H) there is a ip E J 7 ^) such that ip + H < g < H. We may assume 
that ip > g (otherwise, look at ipo — max {ip, g}). We may also (after dividing by 
suitable constants) assume that — 1 < t < and — 1 < H < 0. Now, 



tg(dd c u r ) n = / t{g-H){dd c u : >) n + / tH(dd c u J ) n 
Jn Jn 

where < J n t(g-H) (dd c u 3 ) n = f n (-t)(H-g) {dd c u 3 ) n < f n (-t)(-i/j) (dd c u 3 ) n < 
f n (—ip) (dd c u°) n . Using partial integration in F{VL) we have the following 



{-ip) (dd c u j ) n = I (-u j ) dd c ip A {dd^Y 1 - 1 < / (-it) dd c ip A (dd c u j ) n - 1 = 

Jn 

(-u j ) dd c ip A dd c u A (dd c u j ) n ~ 2 <...< 

< I {-u j )dd c ip A [dd c u) n - 1 = I 3 < [ (—u) dd c i/j A (dd c u) n ~ 1 

Jn 

(-V) (dd c u) n < ( (-g) (dd c u) n < +oc. 



Since u 3 increases to zero outside a pluripolar set and dd c ip f\ (dd c u) n ~ 1 vanishes on 
pluripolar sets (see Section Lemma T2.7p , it follows that Ij \ when j — ► +oo. 
This proves the theorem. □ 

Remark 5. If g E L°°(£l) then J n g (dd c u) n > — oo for every u E Further- 
more, ip > g implies that ip is bounded as well, so dd c ip A (dd c u) n ~ 1 vanishes on 
pluripolar sets for every u E (Lemma 12. 7p . Thus for bounded functions g in 

JF(0, H), the conclusion g u d/i u = H u d/i u holds for every u E 



MONGE-AMPERE BOUNDARY MEASURES 



13 



Suppose that we have a bounded plurisubharmonic function on Cl and want to 
approximate it with plurisubharmonic functions that are continuous on Cl. The 
following theorem gives a condition for when this implies weak*-convergence on the 
boundary. 

Theorem 5.5. Assume that u £ J-(Cl) and [i u = \imj^ 00 (dd c u : >) n . Let {(fij} 
be a sequence in PSH(Cl) n C(Cl) such that < ipj < 1. If (pj tends to (p £ 
PSH(Ct) n L°°(f2) m t/ie sense of distributions, then <pj d[i u tends weak* to ip u d\i u 
if and only if lim^oo J (pj d\i u — J ip u d\i u . 



Proof. By Corollary 14.41 we may assume that u £ F a (fl). The condition in the 
theorem is obviously necessary, we prove it is also sufficient. First, note that for 
{ipk} C PSH{Cl) n C(Cl), ip k > 0, the following holds. For k fixed, (supj> fc ^)* £ 
PSH(Cl) fl L°°(Ci), therefore (sup />fe ipi)* (dd c u j ) n is weak*-convergent (as j — > oo) 
by Lemma I5TT1 Furthermore, since (sup />fe ipi) — (sup J>fc ipi)* outside a pluripolar 
set and u 3 £ J 70 (CI) (since u £ JF a (0)), the star may be removed. We claim that 

lim (sup tpi) (dd c ui) n = (sup ipi) d/i u . (5.1) 

j-too ;> fe ;> fe 

Given / £ C(Ct), / > it follows from (|3.2p that for each m 



lim / /(sup^)(Afw J ) n > l im / /( sup (d<fV) n = / /( sup 1P1) dfx u , 

3^°°Ju l>k j^°°Jn m>l>k JdQ m>l>k 

where the last integral tends to /(sup; >fc ipi) d\x u as m — > oo. It follows that 
lim^oo (sup ;>fe -0;) (dd c u^) n > (sup i>fc ipi) d/j, u . On the other hand, by (|3.ip and 



( sup ip{) (dd c v?) n < I ( sup ipi)dfj, u 

n m>l>k Jdn m>l>k 

for each m and j. So by letting m — > oo we have that J" n (supj>j. ^z) (dd c u 3 ) n < 
J af2 (sup />fe Vz) ^Mw> which proves the claim. 

Now, let {<y2 Jm d^ u } be any weak*-convergent subsequence of {(fj d^ u }. (Such a 
sequence exists by the same reasoning as in the proof of Theorem 14. 11 ) Then, by 
standard measure theory, the limit measure is equal to <po d\x u for some ipo £ L°°(/x). 
We will show that ipo = ip u a.e. (fi). It then follows that the original sequence itself 
converges to ip u d[i u , and the proof will be complete. 

From L 2 -theory it follows that we may choose ipk = jf- S;=i Vjm, such that 
ipk ~> Vo in L 2 (n) and then a subsequence converging to tpo a.e. (p), for simplicity 
call it {ipk}- Since by assumption the original sequence {</?•,} tends to tp in the sense 
of distributions, the same holds for {ipk}- Now, for / £ C(Cl), f > 0, using the 
definition of ip u , ()5.1j) and monotone convergence, 



/ fp u dpi u = lim / f<p(dd c u j ) n = (Lemma 1.4 in $%) = 
Jan Jn 



= lim lim / fipkidd"^) 71 < lim lim / f(supipi) (defu 3 ) n = 

= lim / f(supipi)d/j, u = / /(limsupV'fc) 
fc -*°°jasi i>/c Jan fc-+oo 

From this it follows that (/?" < lim-sup^^ a.e. (/i), which implies that i^ 11 < 
c/?o a.e. (fi). Furthermore, J gn ip diJ, u = lim m _ >00 J m ip jm d^ u = f gn tp u d[i Ul by 
assumption, so ip u = tpo a.e. (/i). Hence the theorem is proved. □ 
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6. More boundary measures 

Let v be a positive measure on fi with finite total mass. Then there is a positive 
measure fi ^ which is supported by 9fi, vanishes on pluripolar sets and such that 

/ ipdv< I <pd(i,, yip G PSH~{fl), (6.1) 
Jn Jon 

where PSH~(n) = {(p : (p G PSH~(n'), fi' D fi}. To see this, let P v denote 
the pluricomplex potential of v relative to fi, i.e. P v {z) — Jn w) dv(w), where 
g(z, w) is the pluricomplex Green's function for fi with pole at w. Then Theorem 
1.1 in [5] says that P v G Tipi) and that 

f -<p(dd c P u ) n < (i^fi))" -1 f -tpdv, yip G PSH-(Q). 
Jn Jn 

Moreover, J n <p (dd c P v ) n < J dn ip d(ip u for each <p G PSH~(Cl), by Remark[T]at the 
end of Section [3] Hence, the claim follows if we take \i = (v{Q))~ n+ fj,p v . 

Conversely, if a positive measure fi on d£l is such that (|6.ip holds for some finite 
measure v on fi, we would like to find an approximation procedure, similar to the 
one in Section [3] A motivation is that we are interested in boundary values of 
plurisubharmonic functions with respect to /i. 

We will study the case when v vanishes on all pluripolar subsets of fi and fi 
belongs to a more restricted class of hyperconvex domains: 

(JH^l) fi and {fife} are hyperconvex domains with fi CC fife+i CC fife, such that for 
each t G ^(fi) there is a sequence {ifc}, where tk G ^"(fife) and tk f t a.e. on 
fi. 

(JSJd) fi is not thin at any of its boundary points, so that limsupo,^^ v(z) — v(£) 
for each ^ G dfl if v G PSH- (fi). 

Conditions for the approximation property in ((5a]) to hold true have been studied in 
for example [S] and [TT] . Examples of domains satisfying (jlfej) and (|db| are polydiscs 
and strictly pseudoconvex domains. Note that if t is bounded, we may assume that 
each tk is bounded. 

Theorem 6.1. Let fi be a domain satisfying iT5fe)) and if$b\). Assume that fi is 
a positive measure on <9fi, vanishing on pluripolar sets. Then there is a sequence 
{w k } m T a (Q) = {u : u G <F°(f2'), fi' 3 fi} such that supp(dd c w k ) n CC fi, 
J n (dd c Wk) n < f gn d[i, and (dd c Wk) n tends weak* to /i as k — * oo. 

Furthermore, if there is a finite positive measure v on fi, vanishing on pluripolar 
sets, such that 116.1]) holds, then linifc^oo t (dd c Wk) n = for each t G ^(fi) fl 
L°°(fi). Hence t {dd c w k ) n tends weak* to for each t G .F(fi) fl L°°(fi). 

If we compare this theorem with the results in the previous sections we have 
the following. In the setting of Section [3] we know that if u G J- a (Vt) and <p G 
PSH(W) fl L°°(W), W D fi, then J n ip(dd c u) n < f n <p(dd c ui) n which increases 
to J ao (p d/j, u (see Theorem 15. 3[) . In particular it follows that when fi — fi u for 
some u G J- a (££), then l|6.ip is satisfied if we take v = (dd c u) n . We also have that 
f n (dd c ui) n = J gn dfi u and lim/-^ t (dd c u j ) n = for each t G J"(fi) n L°°(fi) (see 
Remark [5]). Hence, the approximation procedure in Theorem 16.11 is similar to the 
one in the previous sections, and it applies to a larger class of boundary measures, 
see also Example 16.31 

Lemma 6.2. Let {^ k }j k be a sequence of positive measures on fi with uniformly 
bounded mass. Suppose that, for each fixed k, [i 3 k tends weak* to fi as j — -» oo. Then 
there is a subsequence {/^K such that fij^ tends weak* to fj, as k — > oo. 
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Proof. Let {ti} be a dense sequence in C(fi). For each k we choose j k such that 



U dfi - / U dfjp k h 
n Jo 



k 



It follows that fj, 3 k tends weak* to fi as k — > oo, since {ti} is dense and the measures 
have uniformly bounded total mass. □ 

Proof of Theorem \6.1\ For each k, the measure [i can be regarded as a finite mea- 
sure on f2fc which vanishes on pluripolar sets. Hence there is u k G J- a (Q k ) such 
that (dd c Uk) n = /i, see Lemma 5.14 in [7]. Choose a fundamental sequence {u>j} of 
f2, i.e. 10 j CC Wj+i CC f2 and Vf*L x ujj = Q. For each k and j, define u 3 k — sup {<y9 G 
PSH~(tt k ) : ip\ Uj < m/c| Wj }. Then u{ G ^(Ofc) (note that = Uj, since is 

open, so u^. is plurisubharmonic) and we have the following: 

(i) supp (dd c u J k ) n C duij, u{ > u k on fi fc , J nk {dd c u 3 k ) n < J nk (dd c u k ) n = J dQ d/j,. 

(ii) If ji < ]2 then u 3 k > m^, 2 on fife. 

(iii) lim^oo ujj. = u k on fi fc . 

The first two statements are obvious. For the proof of the third, let v k — linx,- u 3 k . 
Then v k G .F(f2fc), v k > u k on and v k — u k on fl. Thus = Ufc(£) f° r £ G 9f2, 
using the assumption ([uTd|) . so < u k on Jlfc by Lemma 14.91 and the statement 
follows. Now, fu{ and (jm} imply that (dd c u k ) n tends weak* to (dd°u k ) n = fi as 
j — > oo, for each fixed Hence, by (P we can use Lemma 16.21 to pick {jk} such 
that (dd c u 3 k ) n tends weak* to fi as k — > oo. This completes the first part of the 
theorem, if we let w k = u^.* . 

It remains to prove that lira*— «, / t {dd c u 3 k k ) n = for all t G .F(fi) n L°°(fi), 
assuming that (|6.ip holds. Given i G f) L°°(fl) there is by ([Qttj) a sequence 

{tfe} with ifc G ^(^fc) n L°°(n k ) such that ifc increases a.e. to t on f2. Now, 

t(dd c u{ k ) n > [ t k (dd c u 3 k k ) n > [ t k {dd c u k ) n = [ t k dn> [ t k dv > -oo 
o fc ' Jn k Jan Jn 

so it follows that 



liminf / t{dd c u> k ) n > ( tdv. 
fe ^°° Jn k ' Jn 



m k Jn 

Define t = sup{<£ G PSH(Sl) : i^| n \ w . < Then f G n and 

< l = t on £1 \ Wj, so 

liminf/ t (dd c u j k k ) n = liminf / f {dd c u> k ) n > j t l dv, 
k ^°° Jn k k ^°° Jn k Jn 

by the above calculations. Now, the left hand side is independent of i, while the 
right hand side tends to when i tends to oo, since v vanishes on pluripolar sets. 
This completes the proof. □ 

The reason not to keep k fixed in the proof above, is to be able to prove the 
second part of the theorem. Also, one can prove that linifc^oo u 3 k — a.e. on fi, for 
each fixed j. 

Remark 6. Suppose that v G PSH~(Q) satisfies v > v > v + i]j for some tp G 
!F{p,) Pi L°°(0) and that v G C(O). (Thus, v is a function in ■7 7 (f2,'0) with some 
additional properties, see Sectional) Then the preceeding theorem implies that 

lim v{dd c u> k ) n = vdn, (6.2) 

k — >oo 

where the limit is in weak* sense. To see this, take / G C(fi), / > 0. Then 
by the theorem we have that lim^oo J n fv (dd c u k k ) n = J dn fvdfi and that > 
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f n fi\) (dd c u : ' k k ) n > max / • J Q xjj {dd c u J £) n , where the last integral tends to as k — > 
oo. Hence the inequality fv>fv> fv+fip implies that lim^oo J n fv [dd c u l k )" = 
fan anc ^ ^.2p follows. 

Furthermore, if we assume that J n <pdv > — oo for all ip £ ^(£1), then (16. 2|) holds 
for all v £ F(Q,v) where v £ C(fl). This is due to the fact that the boundedness 
of t in the second part of Theorem 16.11 is used only to ensure that f n tkdv > — oo 
(because if t is bounded then tk is bounded). Hence the assumption that t £ 
nL°°(r2) can be replaced by the assumption that t £ J-(£l) and J^ipdv > — oo 
for all <p £ F(Cl). 

Example 6.3. Let ft be the unit bidisc B x D in C 2 . Let /i and v be defined by 
u = <7i X dVi and v = a i x dVi . 

r 2 2 2 

where ay denotes the normalized Lebesgue measure on the circle <9B(0, r) and dVi 

the normalized Lebesgue measure on the disc D(0, |). Then and z/ satisfies (|6.1|) . 
so Theorem 16.11 tells us that we can approximate /i from the inside of Q by our 
procedure. Moreover, by Example 14. Ill we see that n is not in the weak* closure of 
: u £ J-(Q)}. Hence, we do reach more measures by the method in this section 
than we could before. 
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